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The supplementary material is organized as follows:

¢ Section I gathers the proofs of the propositions of Section 2 of the paper.

¢ Section II presents the formulas we use to compute bond prices, CDS spreads, and probabilities
of default. They are presented in the context of a framework that is more general than the one
presented in the main text. The last subsection of this appendix (Subsection I1.4) illustrates the
quality of these approximations. For this, we exploit the stylized model of Subsection 2.3 of the
paper. (Indeed, we can employ compute prices in the latter context (using numerical solutions);

this allows us to verify our analytical approximate formulas.)
¢ Section III presents results of regressions where the surplus threshold is the dependent variable.
¢ Section IV provides details on the data.
¢ Section V contains additional tables and figures (baseline estimation).

¢ Section VI presents robustness analyses.



I. Proofs of Section 2

L1. Proof of Proposition 1
Let us denote by I; the proceeds of date-t issuances and by X; the resulting first payments (settled

on date f + 1). By definition of g;, the yield-to-maturity associated with the perpetuity, we have:

i X~ 1Xt _ X
= A+q) 1+

Consider the date-t (residual) face value of the issuances that took place on date t — h. According
to the concept of nominal valuation of debt securities (see International Monetary Fund, Bank for
International Settlements and European Central Bank, 2015), this face value is computed as the sum
of future associated payoffs XXy, XX, . . ., discounted using the issuance yield-to-maturity
that materialized on date t — h, that is g;_;. This is equal to X'y Asa consequence, and because

current debt D; is the sum of the (residual) face values of all past issuances (for & > 0), we obtain:
Di =L+ xh1+ X L2+ =L+ xDi1. (L1)

Using X; = (1+4:—x)It = (1+4: — x) (D¢ — xDt—1), past debt issuances give rise to the following
debt payments on date t + 1:

CFi1 = Xi + xXem1 + XX 0+ ...
= (1+q—x)(Dt — xDi-1) +
x(1+gi-1—x)(Di—1 — xDi2) + x*(1 + g2 — x)(Dt_2 — xDs_3) + ...

= D¢ — xD¢+ qi(Dt — xDi-1) + xq1-1(Di—1 — XDi—2) + x*qt—2(Di—2 — xDi—3) +... (1.2

Let us now take a cash-flow perspective. On date ¢, the sum of the issuance proceeds (I;) and of the
primary budget surplus (S;) has to equate date-t payments associated with previous issuances (CF).

Thatis: I} = CF; — S;. Using Eq. (L.1), we get:
D1 — xDt = CFy1 — Sp41. (L.3)
Substituting for CF; (Eq.1.2) into Eq. (1.3), we have:

Dit1 = Dy— 5S4+

(Dt — xDi—1) + xqt-1(Dst—1 — xDi—2) + x*qt—2(Ds—2 — xDs—3) + ..., (I.4)

interest payments on date t +1 = Ry

which proves Proposition 1.



L.2. Proof of Proposition 2

Let us determine how P; depends on g;11. On date t + 1, the payoff of the perpetuity is:

14+ xPr if Dy =0, (L5)
RR+ B¢ 1 (5o Misenx" 'RR) if Dyq = 1.
In the stylized model (described in Subsections 2.1 to 2.3), the s.d.f. is given by
My = dexp(vby(Diy1 — Dr) — ). (Lo6)

Therefore, after a default on date ¢ + 1 (which implies D;y = 1 for all k > 0), the s.d.f. becomes

deterministic:

Mt+1,t+1+h = Mt+1,t+2 XX Mt+h71,t+h = exP(log(5) - Pi)h- (L7)

Using Egs. (I.5) and (1.7), we have:

Py = E; (Mt,t—H

Di11RR (1 + Y expllog(6) - u)hxh> +(1— D) (1 + me)] )
h=1

RR
1 — xexp(log(é) — u)

= E; (Mt,tJrl [DtJrl + (1= Dpg1)(1+ XrPtH)}) .

Eq. (8) is obtained by rearranging the terms of the previous equation, using Eq. (1.6), together with
Pe=1/(1+4q:—x),and Pry1 = 1/(1 + ge1 — x)-

1.3. Proof of Proposition 3
We have:
Biy = Ei(exp(hlog(d) —hu+ vbyDyyy)(1 —[1 — RR|Dyyp) | Dy = 0)
= Ei(exp(itlog(d) — hu){1 - [1 — RRexp(by7)|Ds}| D = 0),
which gives Eq. (10).
Turning to the probabilities of default, we have:
pu(de,di—1,1e) = Ei(Ei11(Dpsn|Dr = 0)| D = 0)
= Et(Dr1 + (1= D) pu-1(dig1, di, 7e41)| Dy = 0)

= E{(Di1[1 — ppo1(dig1, dy, res1)] + pra(diga, de, 1e41) | Dy = 0),

which proves Eq. (11).



1.4. Proof of Corollary 1

According to Eq. (10), when RRexp(byy) = 1, we have B;; = exp(hlog(d) — hu). Since P; =
Y1 XhilBt,h, this gives:

P = Y X" exp(log(s) — u))" = exp(log(é) (x exp(log(8) — u))"
h=1 h:O
dexp(—p)
1 — xdexp(—pu)

Using Py = 1/(1 + g; — x) leads to the expression of g; given in Corollary 1.

L.5. Short-term risk-free rate

The following proposition gives an explicit formula for the short-term risk-free real rate in the

context of our stylized model.

Proposition 4. In the context of the model described in Subsections 2.2 to 2.1, and if Dy = 0, the one-period

risk-free real rate is given by:

re = u—log(d)
—log <exp(’yby) + (1 —exp(7by))E; [exp(—@)D ’

where

E; [exp(—@)] - P <_.B X (dt;— d*) +s*> N

& <[3 X (dy—1 —d*) —s" — %2) o BX (i —d*) s 102 /2

Us

(And ry =y —log(d) if Dy = 1.)

Proof. The short-term risk-free real rate is given by r; = — log(IE;(M;41)). Using Eq. (6)—i.e., M1 =
exp(log(é) — u + vby (D1 — Dt)))—, we have:

re = p —log(8) —logE; [exp(vby(Diy1 — Dy))] = p —log(é) — ¢i(vby),

where 1; is the log-Laplace transform of Dy — Dy, thatis: ¢y(u) = logE;[exp(u(Diy1 — Dy))]. Itis

easily seen that ¢;(u) = 0 when D; = 1. Let us consider the case where D; = 0:

Eilexp(#(Dip1 = Dy))|[Dr = 0] = E:[Ei[exp(uDiy1) 7141, Di = 0]|Dr = 0]

= B [exp(—Asq) +exp(u)(1—exp(—Aq))],



where A, ; is the default intensity, given by a max(0, s;+1 —s*) = amax(0, f x (d;—1 —d*) + 1441 —s*).

Using standard results on the truncated normal distribution, it comes that:

E; [exp(—max(0, B X (di—1 —d") + 1141 —57))]
P (‘ﬁ X (dy—1 —d") +5*) P <5 X (dp—1 —d*) —s" — %2) ¢ Px (i —d*) 502 /2.

0—5 U-S

which proves the proposition. O



II. Pricing bonds and CDS in the extended framework

This section presents the formulas used to value bonds, CDSs, and perpetuities in the context of
our extended model. Subsection II.1 starts by presenting three assumptions that describe a generic
econometric framework of which our model is a specific case. Subsection I.2 presents propositions
and lemmas that underlie our pricing formulas. The latter are presented in Subsection I1.3. Finally,
Subsection I1.4 illustrates the quality of these approximations. For this, we exploit the stylized model
of Subsection 2.3 of the paper. Indeed, we can employ compute prices in the latter context (using

numerical solutions); this allows us to verify our analytical approximate formulas.

I1.1. Assumptions

Assumption 1. w; follows an exogenous Gaussian VAR process, that is:
wy = wawt,l + ZwSt, (Hl)

with ey ~ i.i.d. N'(0, Id).
The full state vector x; is of the form x; = [w;, o], where o denotes a vector of additional variables (that

may correlate to wy). As long as Dy = 0, x4's dynamics also takes the form of a Gaussian VAR(1) process:
Because w; coincides with the first entries of x;, we necessarily have:

0 D, e Z
Hx = {1} , D= ¢ ’ and 2y = ¢

Finally, we denote by x; the process that follows (11.2) whatever the default status of the government. That is,
xt = Xt as long as Dy = 0. Since the ;s are exogenous, it comes that Dy does not Granger-cause x; (while it

may Granger-cause X;).

Assumption 2. The nominal stochastic discount factor is given by:

My = exp [@o + @1wir1 + @2(Dia — Di)] - (IL.3)



Specifically, in the framework described in Section 2, we have (starting from Eq. 6):

1t1,t+1 = exp(log(d) — y(Ayey1 — p) — pu — m41)
= exp(log(é) —p — pin — ('Y‘Ty + 07) w1 + ('Yby + b)) (D1 — Dy))

= exp(go + @iwii1 + 2(Dis1 — D)), (IL.4)

which corresponds to (IL.3), with ¢ = log(8) — p — pir, 91 = — (0, + 0), and @2 = yb, + by

Assumption 3. Denoting by Z; the information available on date t (i.e., Z; = {x;, xt_1, ... }), the probability
of default is given by:

P(Diy1 = 1Dy = 0, wi11, ;) = 1 — exp(—max(0, A(x¢41))),

=A(x441)

with AM(x¢41) = a + b'xppq, where x; is of the form x; = [w;, o), where o denotes a vector of additional
variables (that may correlate to wy).

[Note that since A(x;y1) is assumed to be a function of w1 and of Iy, vector b can only load on those
entries of x;41 that correspond to w; 1, as well as on those components of x;11 that were determined before date

t, for instance d.]

I1.2. Auxiliary propositions and lemmas

This subsection presents propositions and lemmas that underlie our pricing formulas.

Proposition 5. Under Assumptions 1 and 3, we have:

E(f(xt41, - Xe1n) (1 = Diyn) [ Dy = 0, 1)

= E(f(Xet1,- - Xen) eXp(—=A(Xpg1) — -+ = A(xe1) )| Dy = 0, L),

where Z; denotes the information available on date t, i.e., T; = {x;,x¢-1,... }.



Proof. For any variable wy, let us use the following notation: w; = {wy, w;_1, ... }. We have:

E(f(xt41,- -, %t4n) (1 = Diy) |De = 0, Z4)

fxei1, o Xen) (1= Diyp) | De = 0, 14)

E(f(xt+1,-- - Xe40) (1 = D) [ Diyn—1, Dr = 0, Ly 1) | Dy = 0, L)
E(f(xt+1, -+, Xe41) (1 = Diyn) [Diyn-1 = 0, Dy = 0, Ly, 1)| Dy = 0, L)

(
= IE(
(
(
(E(f(xt1, - - - Xe48) (1= D) | Dot = 0, X4, Dt = 0, Z41) | Dr = 0,Zy)
(
(
(
(

I
s3]

I
i

I
f

|
55

f(Xt+1, e th+h)(1 - Dt+h—1) eXP(—A(XtJrh)) |Dt = OIIt)

I
55

I
55

E(f (Xt4+1, - -+, Xt4n) (1 — Dyyp1) exp

= E(f(xt+1,- -+ Xe41) (1 — Digp—2) exp(—=A(Xpyn-1) — A(Xe1)) |Dr = 0, T4),

E(f(xt+1, -+ Xen) (1 = Diyn1) exp(—=A(Xe10)) [ Diyn—2, Dr = O/M/It)ﬂ)t =0,T)
(

A(X¢11))| Degn—2 = 0, Dy = 0,X¢ 44, Lt) | Dy = 0, Zy)

where the last equality results from the fact that, since D; does not Granger-cause x;, the distribution

of D; conditional on D;_; and x;j, is the same as that of D; conditional on D;_; and x; (due to the

equivalence between Sims” and Granger’s causalities).

Using the same type of conditioning in a backward fashion (progressively replacing 1 — D, by

exp(—A(x;1x))) leads to the result.

Lemma 1. Consider the following Gaussian VAR:
Xt = px + Pxp—1 + 2xey,
where e ~ i.i.d. N'(0, Id). The conditional expectation:
Kin = Eilexp(=0'(xep1+ -+ Xesn) — Qg+ + A
with Ay, = max(0, A¢) and Ay = a + b'x, can be approximated as follows:
Ktn(a, b,b) ~exp(—Fo1— - —Fi_14),
where

Focint = buin+D (uarn/onn) ain +S(—Mrin/Oan)0nn

1 . . . .
—3 (P 8] T [b+0] + 1= pua] T00)
n—1

T {puay 400 Ty b+ 8] + [1= o BT 0},
]:

O

(IL5)

(IL.6)



where:
* the ptn's and Ty ;s are given by:

Hin = BilXin) = (I—®) (I — D)y + D'xy,
Two = Vari(xein) = LT A DT 0P, with Tip= X%,
= ZXZ;( + @xzxz;(bgf + -4+ @Z—12x2;®2_1/’

rn,j = CO’()t(XH_n, xt+n7]') = quCrYl*j,O lf n _] > O,
* and

Pagn = Ei(Arrn) = a4+ py

Ory = Vari(Aign) = A/ 0'Tyob

P = PilAisy >0) = @ <P‘M> |
aA,n

Proof. Using the notation:
fo-1n = —logKe,y+1ogKyu-1, (IL.7)

we have:

Kt,n = exp(_fO,l - s _fnfl,n)- (HS)

Following Wu and Xia (2016), we will approximate K;, by, first, determining approximations to
the f,_1,’s (that will be denoted by F,_1 ;), and, second, substituting for the f},_; ;s” into (IL.8).
Using, in (IL.5), that log E[exp(Z)] ~ E(Z) + 1/2Var(Z) for any random variable Z (the approxi-

mation being exact in the Gaussian case), and substituting for K; , and K; ,—1 in (IL.7) yields:

fo-in = —logKin +1ogKy,—1
~ Ei(0'xpn + Arpy)
1 . . n-1l .
_Evart (b/xt—i—n + At+n) - COUt (b/xt+n + At+nl Z (b,xt+i + /\t+i)> . (H9)
i=1

As in Wu and Xia (2016), we use, for 0 < nand 0 <j < n:

Covt(b’xtJrn,AtJrn_j) ~ pra—jCovt [0'Xpn, Arsn—j] (I1.10)

Cov; (AtJrnr AtJrnfj) ~ Pt,n—jCOUt [/\H—nz At—‘rn—]’] . (IL.11)



Using the last two equations, we obtain an approximation to (IL.9):

foint = By [b/xt+n + Ao (I1.12)
1 . .
3 (Pt,nWWt [blxt+n + /\t+n] +(1- pt,n)vart(b/xﬂrn))
n—1
— Y {pjCovs [B'Xpsn + Argn, U'Xeyj + Ay + (1= prj)Cov (b Xppn, U'xe1f)
j=1
which leads to the result (denoting by F,_1 , ; the right-hand-side term of the previous equation). O
Lemma 1 in practice. The estimation of our model involves a large number of computations of the
I';,;’s. In order to speed up the computation, one can employ the following approach.
Consider a vector « of dimension 7y, that is the dimension of x;, and let us denote by ¢ the vector
defined by ¢ = (®%)'x (x will typically be b, or (b + b), see Eq.IL6).
Because we have I', ; = QDQQ + ©§+1QCI>§C 44 @Z*10®§_1_j/, it comes that:

KTy i = g}"Qgg + g}‘H’ng IS 65,1’062_1_]'- (I1.13)

Let us consider a maximal value for n, say H, and let us denote by E, the n, x (H + 1) matrix whose
i" column is ¢¥ ;. It can then be seen that the (j, k) entry of ¥* := =/ 08, —which is a matrix of
dimension (H + 1) x (H + 1)—is equal to (:}(—1,0‘:1?71- The sum of the entries (j+1,1), (j +2,2), ...,
(j + k, k) of ¥* therefore is

g%+ 8508 + - + 5}'{+k—1/Q§Z—11

which is equal to «'Tj jx according to (I.13). Equivalently, x'T , jx is the sum of the entries (j + 1,1),
(j+2,2),...,(n,n—7j)of ¥~

In particular, the entry (1,1) of ¥* is equal to x'T'; g, the sum of the entries (1,1) and (2,2) is equal
to k'Qx + 1K' P, QP x = «'Tr ok, and, more generally, the sum of the entries (1,1),...,(n —1,n—1) of
¥* is equal to k'’ gk.
Lemma 2. If w; follows the following Gaussian VAR model:

wy = Oywi—1 + Loy,

where ey ~ i.i.d. N'(0, Id), we have:

Lip(u) := By [exp{u (wi1 + - 4+ wppn) ] = exp(Ay(u) + By (u) wr), (I1.14)

10



where functions Ay (e) and By,(e) satisfy the following recursive equations:

By(u) = @'(Bp-1(u)+u)
Ap(u) = Ap1(u)+ %(Bh_l(u) +u) EpXe(By_1(u) +u),

with Ag(u) = 0and By(u) = 0.

Proof. If E; [exp{u/ (w1 + - +wiin-1)}] = exp(Ay_1(u) + By_1(u) w;) holds for any vector u,

then:
E; [exp{u/ (w1 + -+ wiin)}]

= E; [exp{u/'wi1}Eera [exp{u (wia + - +wign) }] ]

= Eilexp{v/wi1+ Ap_1(u) + By_1(u)wi1}]  (using the recursive assumption)

= Eifexp{(By—1(u) +u)we1 + Ayp-1(u)}]

1

= e [exp {uoa (1) [0/ (Bma o)+ )01+ 5 (Baa (1) ) BB (Ba 1) +1) }

where the last equality results from w;’s law of motion. 0

1I.3. Pricing formulas

This subsection provides formulas to price zero-coupon bonds issued by the government (Proposi-
tion 6), perpetuities (Proposition 7), CDSs (Propositions 8 for the general formula, and 9 for its numeric

application), and risk-free bonds (Proposition 10).

Proposition 6. Under Assumptions 1 and 2, and if RR = exp(—¢2), then the date-t price of a generic zero-
coupon bond providing the nominal payoff 1 — (1 — RR)D;j, on date t + h is:

B; = exp[An(¢o, 1) + Bi(@o, ¢1) w],

where functions Ay (e) and By (e) satisfy the following recursive equations:

(I.15)

Bh(vlu) = q)/(Bhfl(U/u) + u)
Ap(v,u) = v+ Ap_1(u) + 5 (Bpo1(u) + u)' T2t (By_1 (1) + ),

with Ag(u) = 0and Bo(u) = 0.

11



Proof. We have:

Bip = lEt{M?,Hl X XM (- (1= RR)Dt-H/l]}
= lEt{ explheo + @1 (Wrs1 + -+ -+ wip) + 92D [(1— (1 - RR)Dt-H’l]}

= Ei{ expliigo + @i (ws1 + -+ wi)] {(1 - [ = RRexp(g2)| Disn} |-

If RR = exp(—¢2), we therefore obtain B; ) = ]Et{ exp[ho + @) (w1 + - - -+ Wiip)] } The recursive

equations (II.15) then result from Lemma 2. O

Definition 1. We define a defaultable decaying-coupon perpetuity as an infinitely-lived asset providing the
following payoff on date t + h:
X711 = (1= RR)Diy).

The date-t price of this perpetuity is, therefore, Py := Y 5oy X" 1By, where B, ), is the date-t price of a generic
zero-coupon bond providing the nominal payoff 1 — (1 — RR) D,y on date t + h.
By definition, the yield-to-maturity of the perpetuity, denoted by q;, satisfies:
o0 h—1
X 1
P = = :
B Y

(IL16)

Proposition 7. Under Assumptions 1 and 2, and if RR = exp(—¢2), the yield-to-maturity q; of the defaultable

decaying-coupon perpetuity (see Definition 1) can be approximated as follows:

qe = au(@o, ¢1) + br (o, ¢1)'wr, (I1.17)
with ag(e) = — % Ap(e) and by (e) = — By (), where functions Ay and By are defined in Proposition 6,
and where the pair (x, H) satisfies:
Var(q) 3Var(q)?
H~ , I1.18
R e L (R o 9
with
Var(q) = bu(@) Var(w)by (@) and vec[Var(w)] = (I — ©yp @ Oy )vec(EyXr,). (IL.19)

Proof. Because the perpetuity is a collection of zero-coupons of price B; j, (with geometrically-decaying
weights, see Definition 1), the yield-to-maturity of the perpetuity is expected to be close to the yield of
an “average” zero-coupon, that is to one of the r;)’s, where r,;, = —1/hlog B; . A natural candidate
for h is the average debt maturity (i.e., the average duration of the perpetuities), which we denote by

H. According to Proposition 6, under Assumptions 1 and 2, we have (for any h, but in particular for

12



h = H):
1 1 ,
T'th = _EAh((Pl) - EBh((Pl) wt,

which gives (I1.17).
Since the duration of the perpetuity is equal to its price, and if we want H to be, on average, equal

to the duration of the perpetuity, we should have:

1
HxE| ——). 11.20
<1 — X+ Qt) (1120
Using a fourth-order Taylor expansion of q; around its mean 7 leads to:
N 1 Var(q) Skew(q)Var(q)%/?  Kurt(q)Var(q)?
I+g—x (1+7-x)p° 1+7-x)* (1+7-x)°

where § = [E(g;). Since, under Assumption 1, w; follows a Gaussian VAR, and since g; approximately
linearly depends on w;, it comes that Skew(q) ~ 0 and Kurt(q) ~ 3, which leads to (II.18). The
variances given in Eq. (I.19) directly result from (I1.17) and (IL.1). O

Definition 2. In a CDS contract, a protection buyer pays a reqular premium to a protection seller. These
payments end either after a given period of time—the maturity of the CDS, that we denote by h—or upon
default of the reference entity. Upon the default of the debtor (a third party), the protection seller compensates
the protection buyer for the loss incurred, assuming the latter was holding defaulted bonds.

Following the “Recovery of Treasury” (RT) convention of Duffie and Singleton (1999), we assume that the
bond recovery payment, upon default, is a fraction RR of the price of a risk-free zero-coupon bond of equivalent

residual maturity. Accordingly, if t is the inception date of a maturity-h CDS:

* The amount paid on date t + k (with 0 < k < h) by the protection seller to the protection buyer is:

(Dtyk — Diyk—1)(1 = RR)E; 1k (ME 1, x),

where By (MY, ) is the price, as of date t + k, of a nominal risk-free bond of residual maturity
h—k.

* On date t + k, the protection buyer pays Sff,lf(l — Dyyx) to the protection seller, where Sff’}lls denotes the

CDS premium—as negotiated on date t—expressed in percentage of the notional.

At inception of the CDS contract (date t), there is no cash-flow exchanged between both parties; that is, the

CDS spread S¢% is determined so as to equalize the present discounted values of the payments promised by each

13



of them. Therefore:

h
E; { Y M} (D — Dygir) (1 — RR)IEt+k(M?+k,h_k)} (O, { Y M (1 - Dt+k)}~ (I1.21)
=

Protection leg Premium leg

Proposition 8. Consider the CDS presented in Definition 2. If Dy = 0 (i.e., the reference entity has not
defaulted before date t), then the CDS premium ( SCdS ) satisfies:

IE; {Mzt+th+h}
E; {22:1 L1 — ,Dt+k)}‘

Proof. The date-t value of the protection leg is:

5% = (1—RR) (I1.22)

h
E; { Z MY Dk — D) (1 — RR)IEtJrk(M?-i-k,t—&-h)}
k=1
h
= E { Z M2t+h(pt+k — Dyyr—1)(1 — RR)}
k=1
= (1 - RR)]Et {M?,Hh(pwh - Dt)} ’

= M} M}

Using the previous expression in (II.21) leads to the result. O

where we have used M as well as the law of iterated expectations.

tt+h tt+k t+k,t+h’

A consequence of Proposition 8 is that the computation of the CDS spread SC necessitates the
knowledge of the following two conditional expectations: E;[ M}, ; Dyyp—1] and Et[ MY, (1 —Diyy)],
which can be seen as “binary CDSs,” in the sense that they correspond to date-t prices of instruments
providing a binary payoff (0 or 1) depending on the default status of the government on date t + h.

The following proposition explains how to approximate these conditional expectations.

Proposition 9. We suppose that Assumptions 1, 2, and 3 hold. We introduce the vector @y that is such that
pywr = @yx¢. (That is, ¢y is of the form [¢},0']".)

If the reference entity has not defaulted before date t (i.e., Dy = 0), the CDS premium ( Sf‘ff, as defined in
Definition 2) can be approximated as follows:

exp(hgo + ¢2)[K (0,0, —=@1) — Ky (a, b, —¢1)]

S¢%* ~ (1 - RR) . !
Yk—1exp(kpo)Kix(a, b, — 1)

7

where function K, j, is defined in Lemma 1.

14



Proof. According to Proposition 8, the computation of the CDS spread Sfjf necessitates the knowledge
of the following two conditional expectations: E[ M}, Diyy-1] and E[MF, (1 — Dyyp)]. We start

with the computation of IE;[M?, , (1 — D;4)]. Since D; = 0, we have:!

tt+h

B [MPyq X X MYy 400 (1 = Diyp)|
= exp (hgo) s [exp{ @) (wry1 + - - +wiy) + @2Dpin} (1 — Dig) |

= exp(hgo)E; [GXP{(Pi(th +- +wt+h)}1l{z>t+h:o}}

= exp(hoo)E: [exp{ @) (wr1 + -+ Wipn) = Ay — - = A}, (I1.23)

where the last equality results from Proposition 5. Lemma 1 gives:
Ei (M}, (1 = Diyy)] = exp(heo) Ky p(a, b, —¢1). (I1.24)

We then turn to the computation of [E; {M?t +th+h] . We have:

n n
IE; [Mt,tﬂ X X Mt+h71,t+hpt+h]

= exp(hgo)E; [exp{ ¢y (wis1 + -+ -+ wiip) + @2Di 4} Dy

= exp(hgo + ¢2)E; [exp{q)’l(th 4 wey)} (1 - ]l{DHh:O})]
= exp(hpo + ¢2)E: [exp{ @} (wip1 + -+ wi i) }]
—exp(hgo + ¢2)Er [exp{ @) (Wi + - +wen) = A — -+ = A} (I1.25)

(

= exp(lipo + 92)Et [exp{ @i (wrs1 + -+ + W) Hp,,,21)]
(
(

where we have made use of Proposition 5. Lemma 1 gives:
E¢ [M} 1 Divn] = exp(hgo + 92)[Kin (0,0, —@1) — Kip(a, b, —¢1)]. (I1.26)
Using Egs. (I1.24) and (I1.26) in Eq. (IL.22) leads to the result. O

Proposition 10. We suppose that Assumptions 1, 2, and 3 hold. We introduce the vector @y that is such that
¢ wr = @y x¢. (That is, ¢y is of the form [¢},0']".)

The price of a risk-free zero-coupon bond of maturity h is given by:

By [Miyq % X My p0p] = exp(hoo) (1 — exp(92))Ken(a, b, — 1), (IL.27)

Let us recall the following notation: xp = {xt, x4-1,... }.
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where function Ky, is defined in Lemma 1.
Proof. We have:
Ep [Miy g > X M)

heo)Et [exp{(p{(xtﬂ o Xpgn) ¢2Dt+h}]

(
= exp (o) B [exp{ @ (xi1 + -+ + x01)} (exp(92) + Lyp,,,—0y (1 — exp(92)) |

= exp(ho + ¢2)E: [exp{@(xe41+ -+ xp40) }] +

exp(heo)(1 —exp(@2))E; [exp{ @) (xps1+ -+ xpn) — Ay — - — A} (I1.28)

where the last equality results from Proposition 5. O

Proposition 11. Under Assumptions 2 and 3, and if D;_1 = 0, the risk-neutral default intensity is given by:
AP = A, +log(exp(g2) {1 — exp(~A)} + exp(~A,)). (11.29)
Note: the physical and risk-neutral default probabilities, A, and A?, are respectively defined by

exp(—A;) = P(D;=0{Di_1 = 0,1, wy)

exp(—A?) = Q(D;=0|Di—1 =0,T1_1,wy),

where the risk-neutral measure Q (from date t — 1 to date t) is defined with respect to the physical one through
the Radon-Nikodym derivative M} _, , /E(M}_ |Z; 7).

Proof. On each date t, the representative agent observes the new information X; = {D;, w;}; the total

agent’s information then is Z; = {X;, X;_1, ... }. By Bayes, we have:

Q(Dy, wi| T 1)

Q w :f
f=(Dy|wy, T —1) FUwe|Zi—1)

(I1.30)

16



Under Assumption 2, we have M}, ; = exp (9o + @ w1 + 92(Diy1). Assume Dy = 0. We

have:
Q = It/l—l,t P
AP wnfTi) IE(M’;_Lt’It_l)f (Dy, wi|Zi—1)
exp(¢jw; + ¢2Dy) b
B Dy, wi| Ly
Elexp(¢lwr + 2D [T ]! (D @ilEi1)
— exp(@iw; + ¢2Dt)
E[exp (¢} w; + ¢2Dy)|Z; 1]

exp(Qiws + ¢2Dp)
(IL31)

~ Elexp(¢iwi + ¢2D1)[Zi1]
(DH{1 —exp(—A;)} + (1 — D) {exp(—A)}) FF (wilwi_1)

fY(Dilwr, i) £ (wiw; 1)

(IL32)

Integrating both sides w.r.t. D;, we obtain:
exp(92) {1 —exp(—A)} +p(=A1) ry 0

Elexp(piw: + ¢2D¢)|Z;-1]

fR(wi|Ti-1) = exp (@juwy)

Using (I1.31) and (I1.32)in (I1.30) leads to:
_ exp(@2D1) (De{l —exp(=A1)} + (1 — Dy){exp(=A1)})
exp(p2){1 —exp(—A;)} +exp(—4,) '

f‘Q (Dt |wt/ thl)

exp(—4,)
=AM} +exp(—=Ay)’

exp(¢2){1 —exp(
0

which implies:

eXp(—A;Q) = Q(Dt = 0|Dt—l = 0/ wt/It—l) -

which gives (I1.29).

I1.4. Performance of the approximate pricing formulas in the stylized model
This appendix illustrates the quality of the approximate formulas presented in Section II. For that,

it compares physical and risk-neutral probabilities of default (that can be obtained numerically in the
context of the stylized model described in Subsections 2.1 to 2.3 of the paper) with those resulting
from the approximate formulas (that are valid when RR = exp(—~by)).
The risk-neutral probabilities of default can be interpreted as prices of digital Credit Default Swaps,
defined as a forward contract providing D, on date t + h, with payment deferred to date t + h. The
price of such a contract is given by:? ]E?h (Diin) = Et (MyssnDisn) /Bt (Mypip). (tis easily checked

h
that ER (Dy,;,) = E(Dyy),) when v = 0.)

2Q" denotes the h-forward risk-neutral measure, that is, the measure whose Radon-Nikodym derivative
y

with respect to the physical distribution is M, /B¢ (M, ;1)
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Figure B.8 presents the term structures of default probabilities for three different values of the
debt-to-GDP ratio d;, namely 30%, 60%, and 90%. We take d;_1 = d;, r; = 2%, and we use the same

calibration as the one underlying Figures 1 and 3.

Figure B.8: Probabilities of default and digital CDSs

Debt-to-GDP: 30% Debt-to-GDP: 60% Debt-to—-GDP: 90%
Numerical solution: Approximation:
e Default Proba. Default Proba.
* Digital CDS Digital CDS
15 4 15 4 15
€ € €
[ Q @
< < o
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© @ ©
Qo Q Qo
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Note: This figure shows term structures of physical and risk-neutral default probabilities in the context of the
stylized model described in Subsection2.3. Triangles are based on approximate formulas given in Section IL.
We use the same calibration as the one underlying Figures 1 and 3, thatis: : v =4, 4 = 2%, 6 = 0.99,b = 0.2,
x=07,8=0.1,d" =06, \/Var(y;) = 4%, « = 0.5, and s* = 3%.
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III. Drivers of the surplus threshold

Tables C.6 and C.7 report results from regressing the fourth latent factor w4 ;— that is the factor
driving surplus threshold— on the same set of covariates as for Table 3, namely the economic policy
uncertainty (EPU) index (Baker, Bloom, and Davis, 2016), the assets held by the national central bank,
and the MOVE index to capture bond market volatility.

Table C.6: Latent factor (wy,) - Panel regression results

All countries

Country FE FD
Wyt Wy,
W41 0.952***
(0.034)
EPU; —0.211** —0.176**
(0.065) (0.089)
CBAssets; 0.153*** 0.283
(0.046) (0.323)
MOVE; —0.314** —0.188
(0.141) (0.169)

Note: This table reports the results of panel regressions of fiscal space (FS) estimates on the Economic Policy
Uncertainty (EPU), Central Bank assets and the ICE BofAML MOVE Index (MOVE). The estimation sample
goes from 2004Q1 to 2022Q3. FE stands for Fixed Effects, FD for first difference. We employ two-way clustering’
for the standard errors (country and quarter). See text for more details. *p<0.1; **p<0.05; ***p<0.01
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Table C.7: Latent factor (w4 () - Single-country regression results

United States United Kingdom Euro Area Japan
Wyt Wyt Wyt Wyt

W1 0.832*** 0.783*** 0.901*** 0.987***
(0.057) (0.043) (0.077) (0.019)

EPU; —0.154" —0.570"** —0.159 —0.102
(0.081) (0.100) (0.128) (0.119)

CBAssets; 0.193** 0.443*** 0.231* 0.121***
(0.083) (0.126) (0.116) (0.042)

MOVE; —0.208"* —0.708"** —0.135 —0.224**
(0.087) (0.179) (0.134) (0.104)

Constant —2.737** —5.051"** —3.118" —2.197**
(1.301) (1.758) (1.645) (0.880)

Note: This table reports the results of single-country regressions of fiscal space (FS) estimates on the Economic
Policy Uncertainty (EPU), Central Bank assets and the ICE BofAML MOVE Index (MOVE). The estimation
sample goes from 2004Q1 to 2022Q3. We employ Newey-West standard errors. See text for more details. *p<0.1;’
p<0.05; ***p<0.01

IV. Data

IV.1. Overview

We consider four economies: the U.S., the U.K., Japan, and the euro area.

Estimation samples vary across countries due to data availability (CDS prices being the main lim-
iting factor); on average, they cover the last 13 years, at the quarterly frequency. We use government
yields of three maturities (2, 5, and 10 years), and CDS spreads of 5 maturities (1, 2, 3, 5, and 10 years).
CDS spreads and bond yields are extracted from CMA and Refinitiv Eikon Datastream.

The macroeconomic variables (GDP growth, inflation based on the GDP deflator, debt, budget
surplus, and interest payments) are extracted from Refinitiv Eikon Datastream but come from differ-
ent sources. Whenever possible we prefer data drawn from official national sources or international
organization (e.g., OECD) datasets. Further country-specific details are provided below and in Ta-
bles D.9-D.12.

We augment the set of macroeconomic variables with forecasts extracted from past vintages of IMF
World Economic Outlook forecasts. This is to ensure that our model is able to replicate, as much as
possible, the trajectories of debt and growth as they were expected at different points in time. Forecasts
from the IMF WEO are bi-annual, except for 2020, in which projections in the April round were limited.

Details on the time span of forecasts at the country level are provided in Tables D.9-D.12.
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IV.2. Country-specific details
US (Table D.9)

GDP at constant and current prices, and the GDP deflator are taken from the Bureau of Economic
Analysis. The same goes for personal consumption expenditure for non-durables and services at
constant prices. Series for the public debt outstanding and the budget balance are drawn from the
Bureau of the Fiscal Service, while interest payments are taken from the Bureau of Economic Analysis.

Due to the availability of CDS prices, the sample for the US goes from 2008Q1 to 2022Q3.

UK (Table D.10)

GDP at market constant prices and current prices, the GDP deflator, and final private consumption
expenditure for services and non-durables are drawn from the Office for National Statistics. General
government debt at nominal values is collected from the Bank for International Settlements. The series
for general government interest payments is taken from the IMF - International Finance Statistics

database, while the primary surplus/deficit is drawn from the Office for National Statistics. Due to

the availability of CDS prices, the sample for the UK goes from 2008Q1 to 2022Q3.

Euro area (Table D.11)

GDP at market constant prices and current prices, final consumption expenditure, general govern-
ment gross debt, general government interest payments ane general government net lending /borrowing
for the Euro Area are drawn from Eurostat. The GDP deflator series is provided by Refinitiv. CDS and
yields are taken from Refinitiv for Germany, France, Italy and Spain from 2008Q1 to 2022Q3 to build
synthetic CDS and yields for the Euro Area.

Japan (Iable D.12)

GDP at market constant prices and current prices, final private consumption expenditure for ser-
vices and non-durables are drawn from the Cabinet Office database (Government of Japan). The GDP
deflator series is provided by Refinitiv. National government debt for Japan is drawn from the Bank

of Japan. Gross government interest payments and government primary balance are taken from the

OECD. The sample for Japan goes from 2004Q1 to 2022Q3.

IV.3. Average debt maturities

The parametrization of the model involves H, the duration of the perpetuity (which, in turn, is

used to determine y, the decay rate of the coupons, using Proposition 7). Parameter H is calibrated so
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as to match the average debt maturities of the sovereign debts. Table D.8 reports the values used in

the present study.
Table D.8: Average debt maturities
Country Avg debt maturity Source
United States of America 5.7 BIS (2022)7
United Kingdom 14.7 BIS (2022)4
Japan 9.0 Financial Bureau, Ministry of Finance (2020)°
Euro area 6.6 ECB (2011)°

7. BIS (2022): https://www.bis.org/statistics/secstats.htm
b: Figure 1-13.
¢: Slavik et al. (2011), Chart 9.a.
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Table D.9: Data Panel: United States of America

Variable Horizon / Maturity Source Period N. of Obs.
1 Years IMF WEO? 04/2008-10/2022 29
2 Years IMF WEO 04,/2008-10/2022 29
Nominal GDP Forecasts 3 Years IMF WEO 04,/2008-10/2022 29
5 Years IMF WEO 04,/2008-10/2022 29
1 Years IME WEO 04,/2008-10/2022 29
2 Years IME WEO 04/2008-10/2022 29
Inflation Forecasts (based on GDP deflator) 3 Years IMF WEO 04/2008-10/2022 29
5 Years IME WEO 04,/2008-10/2022 29
1 Years IMF WEO 04,/2008-10/2022 29
2 Years IMF WEO 10/2009-10/2022 26
Government Debt 3 Years IMF WEO 10/2009-10/2022 26
5 Years IMEF WEO 10/2009-10/2022 26
1 Years IMF WEO 10/2010-10/2022 24
2 Years IMF WEO 10/2010-10/2022 24
Primary Balance 3 Years IMF WEO 10/2010-10/2022 24
5 Years IMF WEO 10/2010-10/2022 24
1 Year CMA 2008Q1-2022Q3 59
2 Years CMA 2008Q1-2022Q3 59
Senior CDS 3 Years CMA 2008Q1-2022Q3 59
5 Years CMA 2008Q1-2022Q3 59
10 Years CMA 2008Q1-2022Q3 59
1 Year Federal Reserve, US 2008Q1-2022Q3 54
2 Years Federal Reserve, US 2008Q1-2022Q3 59
Yields 3 Years Federal Reserve, US 2008Q1-2022Q3 59
5 Years Federal Reserve, US 2008Q1-2022Q3 59
10 Years Federal Reserve, US 2008Q1-2022Q3 59
GDP, market constant prices (CHND 2012) - Bureau of Economic Analysis = 2008Q1-2022Q3 59
GDP, market current prices - Bureau of Economic Analysis  2008Q1-2022Q3 59
Final Consumption Expenditure, Services - Bureau of Economic Analysis  2008Q1-2022Q3 59
Final Consumption Expenditure, Non-Durables - Bureau of Economic Analysis  2008Q1-2022Q3 59
GDP Implicit Price Deflator (Index 2012=100) - Bureau of Economic Analysis  2008Q1-2022Q3 59
Gross Federal Government Debt, Current Prices - Bureau of the Fiscal Service 2008Q1-2022Q3 59
Government Interest Payments, Current Prices - Bureau of Economic Analysis  2008QQ1-2022Q3 59
Government Budget Balance, Current Prices - Bureau of the Fiscal Service 2008Q1-2022Q3 59

# IMF WEOQ: International Monetary Fund World Economic Outlook.
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Table D.10: Data Panel: United Kingdom

Variable Horizon / Maturity Source Period N. of Obs.
1 Years IMF WEO? 04/2008-10/2022 29
2 Years IMF WEO 04/2008-10/2022 29
Nominal GDP Forecasts 3 Years IMF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 04/2008-10/2022 29
2 Years IMF WEO 04/2008-10/2022 29
Inflation Forecasts (based on GDP deflator) 3 Years IMF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 04/2008-10/2022 29
2 Years IMF WEO 10/2009-10/2022 26
Government Debt 3 Years IMF WEO 10/2009-10/2022 26
5 Years IMF WEO 10/2009-10/2022 26
1 Years IMF WEO 10/2010-10/2022 24
2 Years IMF WEO 10/2010-10/2022 24
Primary Balance 3 Years IMF WEO 10/2010-10/2022 24
5 Years IMF WEO 10/2010-10/2022 24
1 Year CMA 2008Q1-2022Q3 59
2 Years CMA 2008Q1-20220Q3 59
Senior CDS 3 Years CMA 20080Q1-2022Q3 59
5 Years CMA 2008Q1-2022Q3 59
10 Years CMA 2008Q1-20220Q3 59
1 Year ICAP - Refinitiv Eikon Datastream 2008Q1-2022Q3 59
2 Years ICARP - Refinitiv Eikon Datastream 2008Q1-2022Q3 59
Yields 3 Years ICAP - Refinitiv Eikon Datastream 2008Q1-2022Q3 59
5 Years ICAP - Refinitiv Eikon Datastream 2008Q1-2022Q3 59
10 Years ICAP - Refinitiv Eikon Datastream 2008Q1-2022Q3 59
GDP, market constant prices (2019 prices) - Office for National Statistics 2008Q1-2022Q3 59
GDP, market current prices - Office for National Statistics 2008Q1-2022Q3 59
Final Consumption Expenditure, Services (2019 prices) - Office for National Statistics 2008Q1-2022Q3 59
Final Consumption Expenditure, Non-Durables (2019 prices) - Office for National Statistics 2008Q1-2022Q3 59
GDP Implicit Price Deflator (Index 2019=100) - Office for National Statistics 2008Q1-2022Q3 59
General Government Debt, nominal value - Bank for International Settlements 2008Q1-2022Q3 59
General Government Interest Payments, Current Prices - IMF - International Financial Statistics = 2008Q1-2022Q3 59
Government primary surplus/deficit, Current Prices - Office for National Statistics 2008Q1-2022Q3 59

# International Monetary Fund - World Economic Outlook.
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Table D.11: Data Panel: Euro Area

Variable Horizon / Maturity Source Period N. degree of Obs.
1 Years IMF WEO? 04/2008-10/2022 29
2 Years IMF WEO 04/2008-10/2022 29
Nominal GDP Forecasts 3 Years IMF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 04/2008-10/2022 29
2 Years IMF WEO 04/2008-10/2022 29
Inflation Forecasts (based on GDP deflator) 3 Years IMEF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 10/2010-10/2022 24
2 Years IMF WEO 10/2010-10/2022 24
Government Debt 3 Years IMF WEO 10/2010-10/2022 24
5 Years IMF WEO 10/2010-10/2022 24
1 Years IMF WEO 10/2010-10/2022 24
2 Years IMF WEO 10/2010-10/2022 24
Primary Balance 3 Years IMF WEO 10/2010-10/2022 24
5 Years IMF WEO 10/2010-10/2022 24
1 Year Refinitiv Eikon Datastream  2008Q1-2022Q4 59
2 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
Senior CDS (Germany, France, Italy and Spain) 3 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
5 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
10 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
1 Year Refinitiv Eikon Datastream  2008Q1-2022Q4 59
2 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
Yields (Germany, France, Italy and Spain) 3 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
5 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
10 Years Refinitiv Eikon Datastream  2008Q1-2022Q4 59
GDP, market constant prices (CHND 2015) - Eurostat 2008Q1-202204 59
GDP, market current prices - Eurostat 20080Q1-202204 59
Final Consumption Expenditure, Services - Eurostat 20080Q01-20220Q4 59
GDP Implicit Price Deflator (Index 2010=100) - Refinitiv Eikon Datastream  2008Q1-2022Q4 59
Consolidated Gross General Government Debt, Total, Current Prices - Eurostat 2008Q1-2022Q4 59
Gross General Government Interest Payments, Current Prices - Eurostat 2008Q1-20220Q4 59
General Government Net Lending/Borrowing, Current Prices - Eurostat 20080Q1-20220Q4 59

# International Monetary Fund - World Economic Outlook.
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Table D.12: Data Panel: Japan

Variable Horizon / Maturity Source Period N. degree of Obs.
1 Years IMF WEO* 04/2004-10/2022 37
2 Years IMF WEO 04/2008-10/2022 29
Nominal GDP Forecasts 3 Years IMF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
10 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 04/2004-10/2022 37
2 Years IMF WEO 04/2008-10/2022 29
Inflation Forecasts (based on GDP deflator) 3 Years IMF WEO 04/2008-10/2022 29
5 Years IMF WEO 04/2008-10/2022 29
10 Years IMF WEO 04/2008-10/2022 29
1 Years IMF WEO 04/2004-10/2022 37
2 Years IMF WEO 10/2009-10/2022 26
Government Debt 3 Years IMF WEO 10/2009-10/2022 26
5 Years IMF WEO 10/2009-10/2022 26
10 Years IMF WEO 10/2009-10/2022 26
1 Year CMA 2004Q1-2022Q3 75
2 Years CMA 2004Q1-2022Q3 75
Senior CDS 3 Years CMA 2004Q1-2022Q3 75
5 Years CMA 2004Q1-2022Q3 75
10 Years CMA 2004Q1-2022Q3 75
1 Year ICAP - Refinitiv Eikon Datastream  2004Q1-2022Q3 75
2 Years ICAP - Refinitiv Eikon Datastream  2004Q1-2022Q3 75
Yields 3 Years ICAP - Refinitiv Eikon Datastream  2004Q1-2022Q3 75
5 Years ICAP - Refinitiv Eikon Datastream  2004Q1-2022Q3 75
10 Years ICAP - Refinitiv Eikon Datastream  2004Q1-2022Q3 75
GDP, market constant prices (CHND 2015) - Cabinet Office (Gov. of Japan) 2004Q1-2022Q3 75
GDP, market current prices - Cabinet Office (Gov. of Japan) 2004Q1-2022Q3 75
Final Consumption Expenditure, Services (CHND 2015) - Cabinet Office (Gov. of Japan) 2004Q1-2022Q3 75
Final Consumption Expenditure, Non-Durables (CHND 2015) - Cabinet Office (Gov. of Japan) 2004Q1-2022Q3 75
GDP Implicit Price Deflator (Index 2015=100) - Refinitiv Eikon Datastream 2004Q1-2022Q3 75
National Government Debt, Total, Current Prices - Bank of Japan 2004Q1-2022Q3 75
Gross Government Interest Payments, Current Prices - OECD Economic Outlook 2004Q1-2022Q3 75
Government Primary Balance, Current Prices - OECD Economic Outlook 2004Q1-2022Q3 75

# International Monetary Fund - World Economic Outlook.



V. Additional tables and figures

Figure E.9: Surplus threshold estimates
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These plots show the estimates of the surplus threshold s; (black solid lines), the actual budget surplus s; (blue

line), together with B(d; — d*) (blue dotted lines). On each date ¢, the default intensity is equal to « max(0, s; —

s;) (see Eq.17). The shaded area surrounding s; indicates the 95% confidence interval (accounting for Kalman-

smoothing uncertainty).
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United States, oy

Figure E.10: Estimated factors
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Note: This figure displays smoothed factors w;;, i = 1,...,4, for each country. The first, second, third, and fourth

columns respectively show wy ; (the persistent component of Ay;), wy; (the persistent component of inflation),

w3, (the persistent component of budget surplus), and wy, (the persistent component of s;). These estimates

result from the Extended Kalman Filter (see Section ??). The shaded area indicates the 95% confidence interval

(accounting for filtering uncertainty).
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Figure E.11: Observed vs model-implied yields
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Note: This figure compares model-implied and observed quarterly yields of zero-coupon government yields.

The computation of model-implied yields is based on Proposition 6. (The maturity-h yield is given by

—% log B; ;,, where B, ), is the date-t price of a zero-coupon bond of maturity h).
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Figure E.12: Observed vs model-implied forecasts of the debt-to-GDP ratio
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Note: This figure compares model-implied (blue line) and observed (crosses) forecasts of the debt-to-GDP ratio.

Observed values are those from the IMF World Economic Outlook.
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Figure E.13: Observed vs model-implied forecasts of nominal growth
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Note: This figure compares model-implied (blue line) and observed (crosses) forecasts of nominal GDP growth.

Observed values are those from the IMF World Economic Outlook.
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US, Horizon: 1 year

Figure E.14: Observed vs model-implied inflation forecasts
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Note: This figure compares model-implied (blue line) and observed (crosses) forecasts of changes in the price

index. Observed values are those from the IMF World Economic Outlook.
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Table E.13: 2-year CDS sensitivity to deficits

Panel A - Date: 2022-07-01

Fiscal shock: +1 p.p. of GDP +5 p.p. of GDP +10 p.p. of GDP
United States 0.6 [0.6] 3.5 [0.8] 7.8 [0.9]
United Kingdom 0.5 [0.5] 2.6 [0.6] 6.2 [0.8]
Euro Area 1.3 [1.3] 8.0 [2.0] 221 [3.4]
Japan 0.7 [0.7] 42 [0.9] 9.5 [1.2]
Panel B - Date: 2009-04-01

Fiscal shock: +1 p.p. of GDP +5 p.p. of GDP +10 p.p. of GDP
United States 24 [2.4] 12.8 [2.7] 27.7 [3.2]
United Kingdom 7.0 [7.0] 37.7 [8.1] 82.6 [9.6]
Euro Area 23.4 [23.4] 127.0 [27.4] 278.2 [32.1]
Japan 4.2 [4.2] 22.8 [4.9] 49.9 [5.8]

Note: This table documents the sensitivity of the 2-year CDS spreads to fiscal conditions. We consider three
sizes of fiscal shocks (increases in primary deficits by 1%, 5% and 10% of GDP). The reported figures are in basis
points. The number in square brackets correspond to the marginal influence of an additional unit increase in

the deficit. Panel A reports the results for the last quarter of the estimation sample; Panel B corresponds to the

quarter featuring the smallest fiscal space.
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Table E.14: 5-year CDS sensitivity to deficits

Panel A - Date: 2022-07-01

Fiscal shock: +1 p.p. of GDP +5 p.p. of GDP +10 p.p. of GDP
United States 0.7 [0.7] 3.7 [0.8] 8.1 [0.9]
United Kingdom 0.6 [0.6] 35 [0.8] 7.9 [1.0]
Euro Area 1.9 [1.9] 11.0 [2.5] 26.7 [3.6]
Japan 1.2 [1.2] 6.2 [1.3] 13.8 [1.6]
Panel B - Date: 2009-04-01

Fiscal shock: +1 p.p. of GDP +5 p.p. of GDP +10 p.p. of GDP
United States 22 [2.2] 11.8 [2.5] 25.2 [2.8]
United Kingdom 6.0 [6.0] 31.7 [6.7] 68.4 [7.7]
Euro Area 16.7 [16.7] 89.6 [19.2] 194.8 [22.3]
Japan 4.0 [4.0] 21.5 [4.6] 46.3 [5.3]

Note: This table documents the sensitivity of the 5-year CDS spreads to fiscal conditions. We consider three
sizes of fiscal shocks (increases in primary deficits by 1%, 5% and 10% of GDP). The reported figures are in basis
points. The number in square brackets correspond to the marginal influence of an additional unit increase in

the deficit. Panel A reports the results for the last quarter of the estimation sample; Panel B corresponds to the

quarter featuring the smallest fiscal space.
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Table E.15: Models” parameterization (X)

US UK EA P
S 0.340 0.226 0.268 0.206
Y21 —0.256 —0.246 —0.295 ~0.175
S22 0.097 0.088 0.154 0.084
Tw31 0.053 0.091 —0.040 0.062
Y32 0.491 0.473 0.605 0.335
Y33 0.018 0.034 —0.099 0.103
T4 0.029 0.046 —0.011 0.053
S04 0.185 0.239 0.278 0.210
I 0.031 0.106 —0.003 0.066
Sa4 0.153 0.203 0.242 0.169
T55 1.000 1.000 1.000 1.000
S065 0.297 —0.462 —0.416 —0.276
S066 —0.069 0.126 —0.054 —0.015
Tw75 —0.462 0.462 —0.462 0.008
T076 0.955 0.887 0.909 0.961
S077 0.119 —0.190 —0.058 0.069
S5 0.201 —0.410 ~0.102 0.174
S86 0.991 0.974 0.997 0.997
Tw87 0.399 0.363 0.407 0.455
S,88 0.766 0.698 0.782 0.873

Note: This table reports the estimated parameterization of ;. Given Eq. (13), we have that £,%/, is the
conditional covariance matrix of w;,1 (as of date ¢). This matrix is block diagonal. The 4 x 4 upper-left block
(respectively lower-right block) is lower triangular and corresponds to the persistent components (resp. volatile
components) of wy, its specification is given in the upper part of the table (resp. in the lower part of the table).
The parameterization is such that, for the sake of identification, the unconditional variance of each of the w;;’s

is equal to one.
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VI. Robustness analysis
This section presents the results of different alternative estimations of the model. More precisely:

(a) Parameter a: We estimate models while imposing a small value (0.01) and a large value for «,
that is the elasticity of the default intensity with respect to the surplus gap (s; — s;), see Eq. (1).

(In the baseline case, this parameter is estimated, with a cap of 2.)

(b) Output drop upon default b,: We estimate models with b, = 10% (versus 20% in the baseline

model).

(c) Coefficient of relative risk aversion y: We estimate models with smaller and larger values for 7.
Since our approach requires RR = exp(—by — by), modifying v, everything else equal, results
in a change in RR. Accordingly, we also consider cases where b, is adjusted in order to keep the

same recovery rate RR as in the baseline case. This is summarized in Table F.16.

(d) No CDS in the estimation dataset: We remove CDS data from the estimation sample. In other

words, we remove the CDS measurement equations in the state-space model.

Table F.16: Robustness analysis (changes in 7y)

Version Description 0% by RR

Baseline 4 0.20 46%

Case Ai low 7, high RR 2 0.20 68%

Case A.ii low 7y 2 0.40 46%

Case B.i high v, low RR 6 0.20 31%

Case B.ii high v 6 0.13 46%
In all case, Condition « is satisfied, i.e., we have RR = exp(—~by — br) (or, equivalently, b, = [—log(RR) —

br]/7). We use by = —2.1%.

The results of these exercises can be summarized as follows:

(a) Parameter a: The resulting fiscal limit estimates are displayed on Figure F.15 (dotted and solid
red lines). Imposing a large a has no strong effects on the estimated fiscal limits. The changes in
estimated fiscal limits are larger when « is small. For all countries and the two cases (small or
large «), likelihood ratio tests strongly reject these alternative models (against the baseline), at

any significance level.

(b) Output drop upon default b,: The resulting fiscal limit estimates are shown on Figure F.16 (pink

line). The effects of this change on the fiscal limit estimates are mild.
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(d)

Coefficient of relative risk aversion <y: The results are shown on Figure F.16 (see blue and green
lines). In most cases, fiscal limits are higher for larger risk aversion (and vice versa). This results
from the fact that, when < is higher, a larger share of the credit spreads corresponds to risk
premiums. Accordingly, estimated physical probabilities of default are lower. That is, in those
models featuring higher v, the physical probability of default is less sensitive to the debt level
(in particular). Since we define our fiscal limits as the levels of debt resulting in a given physical
probability of default, it comes that the estimated fiscal space is larger when 7 is higher, hence

the larger fiscal limits.

No CDS in the estimation dataset: The resulting fiscal limits, displayed in Figure F.15 (black
dotted lines), are very different from the baseline case and show implausible fluctuations. This

highlights the importance of credit spreads to identify fiscal limits.

An additional exercise is the following: we take the baseline parametrization (Table2 of the
paper), but simply remove the CDS data from the set of observed variables. That is, we switch
off the associated measurement equations. Figure F.17 compares the filtered fiscal limits when
the measurement equations include (black lines) or do not include (red lines) the CDS data. The
dotted lines indicate 99% confidence intervals, reflecting the filtering uncertainty. The results
show that the estimates of the fiscal limits depend strongly on the inclusion, or not, of the CDS
spreads in the state-space model—even when the parametrization is unchanged. Moreover,
the confidence intervals show that the fiscal limit estimates are much less accurate when credit

spreads are not included in the estimation.

This may seem puzzling since, even when CDS are removed from the measurement equations,
these equations still include bond yields, which are also forward-looking and feature a default-
compensation component. However, the set of observed variables is then short of information
allowing the filter to decompose these yields into its two components (risk-free yield and de-
fault compensation). This implies, in particular, that s} is inaccurately estimated, which further

translates into uncertain fiscal limit estimates.
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Figure F.15: Fiscal limits — Robustness analysis: « and CDS data
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Note: These plots show the estimates of the fiscal limits (FL) obtained while imposing different types of restric-
tions. Large alpha: « is set to 10 (in the baseline case, it is estimated, but smaller than 2); Small alpha: « is set to
0.01; No CDS data: no CDS data are used in the estimation approach (i.e., there is no measurement equations
involving CDS spreads).
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United States

Figure F.16: Fiscal limits — Robustness analysis: b, and 7y
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Note: These plots show the estimates of the fiscal limits (FL) obtained while imposing different types of restric-
tions. Low b_y: by is set to 10% (versus 20% in the baseline case); Small gamma: 7 is set to 3 (versus 4 in the
baseline case); Large gamma: v is set to 5 (versus 4 in the baseline case); Small gamma, large RR: v is set to
3 (versus 4 in the baseline case) and b, is adjusted to give the same RR as in the baseline case; Large gamma,
small RR: v is set to 5 (versus 3 in the baseline case) and by is adjusted to give the same RR as in the baseline

case.
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Figure F.17: Fiscal limits in the baseline model: with and without CDS data
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Note: These plots compare the estimates of the fiscal limit when the measurement equations include (black lines)
or do not include (red lines) the CDS data. The model setting is the baseline model (documented in Table 2 of the
paper). The dotted lines indicate the 99% confidence intervals, reflecting the filtering uncertainty. The results
show that the estimates of the fiscal limits depend strongly on the inclusion of the CDS spreads in the state-
space model; they also show that the filtering uncertainty is strongly reduced when using the CDS data.
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Table F.17: Estimates of 8

US UK EA P
Baseline 0.0253 0.0259 0.0459 0.0185
Low by, 0.0252 0.0261 0.0444 0.0185
Large o 0.0165 0.0153 0.0352 0.0171
Small « 0.0456 0.0648 0.1278 0.0545
Small «y 0.0421 0.0415 0.1442 0.0390
Large vy 0.0237 0.0240 0.0398 0.0186
Small v, large RR 0.0420 0.0410 0.1422 0.0389
Large <, small RR 0.0239 0.0236 0.0396 0.0185
No CDS data 0.0917 0.1418 0.1226 0.0213

Note: This table reports the estimates of parameter 8 obtained while imposing different types of restrictions
during the estimation. Low b_y: by is set to 10% (versus 20% in the baseline case); Large alpha: « is set to 10
(in the baseline case, it is estimated, but smaller than 2); Small alpha: « is set to 0.01; Small gamma: v is set to
3 (versus 4 in the baseline case); Large gamma: v is set to 5 (versus 4 in the baseline case); Small gamma, large
RR: 1 is set to 3 (versus 4 in the baseline case) and by is adjusted to give the same RR as in the baseline case;
Large gamma, small RR: 7 is set to 5 (versus 3 in the baseline case) and by, is adjusted to give the same RR as in
the baseline case; No CDS data: no CDS data are used in the estimation approach (i.e., there is no measurement
equations involving CDS spreads).
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